We analyze kinetically constrained 0-1 spin models (KCSM) on rooted and unrooted trees of finite connectivity. We focus in particular on the class of Friedrickson Andersen models FA-jf and on an oriented version of them. These tree models are particularly relevant in physics literature since some of them undergo an ergodicity breaking transition with the mixed first-second order character of the glass transition. Here we first identify the ergodicity regime and prove that the critical density for FA-jf and OFA-jf models coincide with that of a suitable bootstrap percolation model. Next we prove for the first time positivity of the spectral gap in the whole ergodic regime via a novel argument based on martingales ideas. Finally, we discuss how this new technique can be generalized to analyse KCSM on the regular lattice Z d .
INTRODUCTION
Facilitated or kinetically constrained spin models (KCSM) are interacting particle systems which have been introduced in physics literature [5] [6] to model liquid/glass transition and more generally "glassy dynamics" [17, 11] . They are defined on a locally finite, bounded degree, connected graph G = (V, E) with vertex set V and edge set E. Here we will focus on models for which the graph is an infinite rooted or unrooted tree of finite connectivity k + 1, which we will denote byT k and T k respectively. A configuration is given by assigning to each site x ∈ V its occupation variable η x ∈ {0, 1} which corresponds to an empty or filled site, respectively. The evolution is given by a Markovian stochastic dynamics of Glauber type. Each site waits an independent, mean one, exponential time and then, provided the current configuration around it satisfies an a priori specified constraint, its occupation variable is refreshed to an occupied or to an empty state with probability p or 1 − p, respectively. For each site x the corresponding constraint does not involve η x , thus detailed balance w.r.t. Bernoulli(p) product measure µ can be easily verified and the latter is an invariant reversible measure for the process.
Among the most studied KCSM we recall FA-jf models [5] for which the constraint requires at least j (which is sometimes called "facilitating parameter") empty sites among the nearest neighbors. FA-jf models display a feature which is common to all KCSM introduced in physics literature: for each vertex x the constraint impose a maximal number of occupied sites in a proper neighborhood of x in order to allow the moves.
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As a consequence the dynamics becomes slower at higher density and an ergodicity breaking transition may occur at a finite critical density p c < 1. This threshold corresponds to the lowest density at which a site belongs with finite probability to a cluster of particles which are mutually and forever blocked due to the constraints (see Section 3).
The FA-jf models on Z d do not display an ergodicity breaking transition at a non trivial critical density, that is p c = 0 for j > d and p c = 1 otherwise [3] . On the other hand they do display such a transition on non rooted trees when 1 < j < k [7, 10, 14, 9] . Furthermore if j = k − 1 this transition is expected to display a mixed first/second character and to share similar features to the mode coupling transition, a property which makes them particularly interesting from the point of view of the glass transition [14] .
Another key feature of KCSM is the existence of blocked configurations, namely configurations with all creation/destruction rates identically equal to zero. This implies the existence of several invariant measures and the occurrence of unusually long mixing times compared to high-temperature Ising models (see Section 7.1 of [3] ). Furthermore the constrained dynamics is usually not attractive so that monotonicity arguments valid for e.g. ferromagnetic stochastic Ising models cannot be applied.
Due to the above properties the basic issues concerning the large time behavior of the process are non-trivial. The first rigorous results were derived in [1] for the East model which is defined on Z with the constraint requiring the nearest neighbor site to the right to be empty. In [1] it was proven that the spectral gap of East is positive for all p < 1 and also that it shrinks faster than any polynomial in (1 − p) as p ↑ 1. In [3] positivity of the spectral gap of KCSM inside the ergodicity region (i.e. for p < p c ) has been proved in much greater generality and (sometimes sharp) bounds for p ր p c were established. These results include FA-jf models on any Z d for any choice of the facilitating parameter j and of the spatial dimension d.
The technique developed in [3] cannot be applied to models on trees because of the exponential growth of the number of vertices and, so far, very few rigorous results have been established. Indeed the only models for which results on the spectral gap are available are: (i) the FA-1f model on T k andT k (actually on a generic connected graph) and (ii) the so-called East model onT k for which the root is unconstrained while, for any other vertex x, the constraint requires the ancestor of x to be empty. For these specific models p c = 1 and the positivity of the spectral gap has been proven in [2] in the whole ergodicity region and for any choice of the graph connectivity.
Here we will study FA-jf models on T k andT k for 1 < j k together with a new class of models that we call oriented FA-jf models (OFA-jf). In the OFA-jf model the constraint at x requires at least j empty sites among the children of x.
We first prove that the ergodicity treshold p c for the FA-jf and OFA-jf models, with the same choice for the parameter j and the same graph connectivity k + 1, coincide and it is non trivial (see Theorem 2.3). Then we prove positivity of the spectral gap in the whole ergodicity regime for the oriented OFA-jf models. Finally, by combining the above results together with an appropriate comparison technique, we establish positivity of the spectral gap in the whole ergodicity regime for the FA-jf models. The results concerning the spectral gap can be found in Theorem 2.5. Finally, in the non ergodic regime, we prove that, for the oriented or non-oriented FA-jf models, the spectral gap shrinks to zero exponentially fast in the system size (see Theorem 2.9).
The new technique devised to study constrained models on trees can be generalized to deal also with KCSM on other graphs. In Section 5 we discuss how one can recover the result of positivity of the spectral gap in the ergodic regime for models on Z d . We detail in particular the case of the North-East model on Z 2 (Theorem 5.3), a result which was already derived in [3] but with a completely different (and more lengthy) technique.
MODELS AND MAIN RESULTS
The models we consider are either defined on the infinite regular tree of connectivity k + 1, in the sequel denoted by T k , or on the infinite rooted k-ary treeT k .
In the unrooted case each vertex x has k + 1 neighbours, while in the rooted case each vertex different from the root has k children and one ancestor and the root r has only k children. In the sequel we will denote by V the set of vertices of either T k or of T k whenever no confusion arises, by N x the set of neighbors of a given vertex x and, in the rooted case, by K x the set of its children. In the rooted case we denote by d x the depth of the vertex x, i.e. the graph distance between x and the root r.
For both oriented and non oriented models we choose as configuration space the set Ω = {0, 1} V whose elements will usually be assigned Greek letters. We will often write η x for the value at x of the element η ∈ Ω. With a slight abuse of notation, for any A ⊂ V and any η, ω ∈ Ω, we also let η A be the restriction of η to A and for any A, B ⊂ V such that A ∩ B = ∅ we let η A · ω B be the configuration which equals η on A and ω on B.
Fix now k ∈ Z + , a density p ∈ [0, 1] and a facilitating parameter j ∈ [1, . . . , k]. Let also µ be the Bernoulli product measure on Ω with density p. 
The functions c x ,c x , in the sequel referred to as the constraint at x, are defined by
and µ x (f ) is simply the conditional expectation of f given {ω y } y =x .
It is easy to check by standard methods (see e.g. [12] ) that the processes are well defined and their generators can be extended to non-positive self-adjoint operators on 2.1. Ergodicity. Given k and j ≤ k, it is natural to define (see [3] ) a critical density for each model as follows:
The regime p < p c or p <p c is called the ergodic region and we say that an ergodicity breaking transition occurs at the critical density. We will first establish the coincidence of the critical threshold for oriented and unoriented models.
Thenp < 1, p c =p c =p and for any p <p the value 0 is a simple eigenvalue of the generators L andL. [14] . Thanks to Proposition 3.1 below, the proof of the above result reduces to show that the critical thresholds of two different bootstrap percolation problems coincide. In the unoriented case the critical threshold has been identified in [10] .
Remark 2.4. In the unoriented case the above result has been established in the physics literature in
We then turn to the study of the relaxation to equilibrium in L 2 (µ) in the ergodic region p < p c or p <p c . A key object here is the spectral gap (or inverse of the relaxation time) of the generator L (orL), defined as
where the Dirichlet form
is the variance of f w.r.t. µ. Indeed a positive spectral gap implies that the reversible measure µ is mixing for the semigroup P t with exponentially decaying correlations,
for any f ∈ L 2 (µ). The main result of our work is the positivity of the spectral gap in the whole ergodicity region, namely It is natural to ask about the behavior of the models outside the ergodic region, i.e. when p ≥ p c . Let us first discuss the super-critical case p > p c .
The first result says that it is possible to provide local functions that for the process defined on the infinite tree do not decay to equilibrium in L 2 (µ). Denote by r either the root (in the oriented case) or an arbitrary vertex (in the unoriented case).
and the same inequality holds with P t instead ofP t .
In order to state the second result we need few extra notation. Given
at r with all the leaves (i.e. vertices with distance L from r) unconstrained.
Theorem 2.9. Given k, j ∈ N with j ≤ k, fix p > p c . Then there exists c,c > 0 such that
The critical case p = p c is much more delicate and a detailed analysis is postponed to future work [15] . We anticipate here that it is possible to show that the spectral gap of a tree of depth L shrinks at least polynomially fast in L −1 . In the rooted case with j = k one can also proves a converse poly(1/L) lower bound (a much harder task). If 2 ≤ j < k the analysis becomes much more difficult because of the discontinuous character of the bootstrap percolation transition, i.e. the fact that at p c with positive probability the root r belongs to an infinite blocked cluster (while this probability is zero if j = k).
ERGODICITY TRESHOLD AND BLOCKED CLUSTERS: PROOF OF THEOREM 2.3
In [3] for KCSM on Z d we have identified the critical density defined in the previous section with the percolation tresholds for a proper deterministic map, called the bootstrap map. This result can be proven along the same lines for the tree models under consideration.
Fix k and j ≤ k. For FA-jf models we define the bootstrap map B :
with c x defined in (2.3). Analogously we define the mapB for OFA-jf models by replacing c x withc x of (2.3). Then we denote by µ (n) the probability measure obtained by iterating n-times the map B starting from µ. As n → ∞ µ (n) converge to a limiting measure µ (∞) [18] and it is natural to define bootstrap percolation tresholds p bp as the supremum of the density such that, with probability one, a given vertex x is emptied under the bootstrap procedure,
Analogously we can defineμ (n) ,μ (∞) andp bp in the oriented case. It is easy to verify that in both definitions the bootrasp threshold does not depend on the choice of the vertex x. Then the following can be proved following exactly the same lines as Proposition 2.5 of [3]
Proof of Theorem 2.3. Fix j ≤ k. We begin by proving that, for any p sufficiently close to 1, there exists an exponentially attracting fixed point p ∞ ∈ (0, p) of g p (x). That provesp ∈ (0, p). For this purpose we compute
where N x,k ∼ Binom(k − 1, x). Next we observe that
and that g p (x) is increasing in p.
If j = k and p > 1/k then the existence of an attracting fixed point in the open interval (0, p) follows at once from (3.2). Thus in this casep = 1/k and atp the only fixed point is the origin.
which implies the existence of an attracting fixed point p ∞ (p) inside the interval (2p − 1, p). It is easy to check that p ∞ (p) is increasing in p and that, contrary to the case
We now show that p bp =p bp =p. In the non-oriented case FA-jf we choose an arbitrary vertex x together with one of its neighbors y and we defineT k y to be the rooted k-ary tree with root at y and such that x / ∈T k y . Then, for any configuration η on T k , we define the new configurationη to be identically equal to one on T k y and equal to η elsewhere. Finally we define
In the oriented case OFA-jf we instead definē
We claim that p n ,p n obey the same recursion equations
Therefore p n =p n since for n = 0 they both coincide with p. Moreover lim n→∞ p n = 0 iff p >p and j = k or iff p ≥p and j ∈ [2, k). Let us justify the first claim, p n = g p (p n−1 ). Clearly
Moreover, if for all z ∈ N x \ y we define η (z) to be identically equal to one in the k-ary tree rooted at x and not containing z and equal to η otherwise, then the event {η : η x = 1 and
coincides with the event {η : η x = 1 and
The equality among the two events can be immediately established by noticing that the first event implies that for any m n − 1 it holds B m (η) x = 1 thus B m (η) z = B m (η (z) ) z for any z ∈ N x \ y. Clearly the events {B n−1 (η (z) ) z = 1} are independent as z varies in N x \ y, are independent from {η : η x = 1} and each one has probability p n−1 . Hence p n = g p (p n−1 ). Similarly for the oriented case we getp n = g p (p n−1 ). We now proceed to identify the critical points p bp ,p bp . In the non-oriented case we observe that {η : B n (η) x = 1} = {η : η x = 1 and
where we use the fact that B n (η)
and lim n→∞ µ (n) (η x = 1) = 0 iff lim n→∞ p n = 0. In the oriented case the same conclusion follows from the definition ofp n and the above proven resultp n = g p (p n−1 ). Thus we have proven that p bp =p bp =p.
Remark 3.2.
It is obvious that p n tends to zero at least exponentially fast when p < p c because in that case g ′ p (0) < 1.
SPECTRAL GAP: PROOFS
In what follows we fix once and for all j, k ∈ Z + with j ≤ k, together with a density p ∈ [0, p c ).
Proof of Theorem 2.5. We begin by proving positivity of the spectral gap in the oriented case OFA-jf at density p. We first fix some additional notation. We denote by T := T k n ⊂T k the finite k-ary tree of depth n rooted at r, where n should be thought to be arbitrarily large compared to all other constants. For x ∈ T, T x will denote the k-ary sub-tree of T rooted at x with depth n − d x , where d x is the depth of x. In other words the leaves of T x are a subset of the leaves of T. We also denote the tree T x stripped off its root x byT x .
We write Var T (f ) for the variance w.r.t. the measure µ on T of the function f , Var x (f ) for the conditional variance of f w.r.t. the variable η x given all the other variables and µT Finally, given ℓ ≪ n, we define new auxiliary constraints c (ℓ)
x (η) ∈ {0, 1}, η ∈ {0, 1} T and x ∈ T, as follows. If the depth of T x is less than ℓ, c x (η) = 1, iff, by applying at most ℓ times the bootstrap mapT to the configurationη which coincides with η everywhere with the only possible exception of x whereη x = 1, the vertex x can be flipped to zero. Clearly the auxiliary constraint and the original onec x coincide if ℓ = 1. In what follows we will first consider an auxiliary long range kinetically constrained model which is defined by the infinitesimal generator (2.2) but withc x substituted by c (ℓ)
x . We will show that this auxiliary model has a spectral gap which is bounded away from zero uniformly in the depth n of T provided ℓ is large enough depending on p, j, k. Then we will apply a simple limiting procedures together with standard comparison arguments between the Dirichlet forms with constraintsc and c (ℓ) to complete the proof.
Let D (ℓ) (f ) denote the new Dirichlet form corresponding to the generator
with the auxiliary constraints c (ℓ)
Our aim is to establish the so-called Poincaré inequality
for some constant λ independent of the depth n of the tree T.
Remark 4.2. Notice that (4.1) is the natural analog of the renormalized Poincaré inequality in [3] (see formula (5.1) there).
For the reader's convenience we recall some elementary properties of the variance which will be applied in the sequel. If ν 1 , ν 2 are probability measures on two probability spaces Ω 1 , Ω 2 and ν = ν 1 ⊗ ν 2 denotes the associate product measure then
with self-explanatory notation. Moreover
Back to the proof and motivated by [13] we first claim that
where here and in the following we let Var = Var T and µ = µ T . To prove the claim we proceed recursively on the depth n of T. The claim is trivially true for n = 0. We now assume (4.3) when T has depth n − 1 and using the formula for the conditional variance we write
Notice that, given the spin η r at the root, Var(f | η r ) is nothing but the variance of f w.r.t. the product measure on T \ {r}. Thus
Each one of the sub-trees T y has depth n − 1 and therefore the inductive assumption implies that By putting together the r.h.s. of (4.5) with the last term in (4.4) we get the claim for depth n.
We now examine a generic term µ Var x µT x (f ) in the r.h.s. of (4.3). We write
so that
Schwartz inequality shows that
because c (ℓ)
x does not depend on the spin at x. Notice that the r.h.s. in (4.7) is just the contribution of the root to the Dirichlet form D (ℓ) (f ).
We now turn to the more complicate second term Var x µT
where we let g := f − µ Tx (f ) and we use the fact that µT
x depends only on the spin configurations in the first ℓ levels below x, in the sequel denoted by ∆ x . Then
x ), we use Cauchy-Schwartz to obtain the second inequality and for the third inequality we use the fact that µT
Notice that δ(ℓ) coincides withp ℓ /p wherep ℓ was defined at the beginning of the proof of theorem 2.3. Next we note that
where we used the fact that µ x∪∆x µT x\∆x g = µ Tx (g) which is zero by the definition of g. Then by using(4.3), (4.9) and (4.10) we get
where we used the convexity of the variance to obtain the second inequality. In conclusion
where the factor ℓ + 1 accounts for the number of vertices x such that a given vertex z falls inside ∆ x . We now appeal to Remark 3.2 and conclude that for any p < p c there exists ℓ 0 (which depends on p and it diverges as p ↑ p c ) such that (ℓ + 1) δ(ℓ) ≤ 1/4 for any ℓ ≥ ℓ 0 . With this choice the Poincaré inequality (4.1) with λ = 8 follows uniformly in the depth n of T, namely the auxiliary long range model has a positive spectral gap if ℓ ≥ ℓ 0 .
We are now in a position to conclude the proof in the oriented case. Starting from (4.1) and using path arguments exactly as in section 5 of [3] we conclude that, for any ℓ ≥ ℓ 0 we can find a constant λ(ℓ, k, j) ≥ 1 independent of n such that
where with a slight abuse if notation we denote byc x the function which equals one if x is a leaf of T and otherwise is given by the definition in (2.3). Thus, thanks to Remark 2.6, we can conclude that the spectral gap of the oriented model on the infinite treeT k is bounded from below by λ(ℓ, k, j) −1 .
Remark 4.3.
We observe that the dependence on p of λ(ℓ, k, j) comes from the fact that ℓ > ℓ 0 and that the critical scale ℓ 0 depends on p and diverges as p ↑ p c .
We now examine the non-oriented FA-jf model in the infinite tree T k . Choose a vertex r and call it the root. Next we introduce the following auxiliary block dynamics with two blocks A = {r} and B = T k \ {r}, reversible w.r.t. the measure µ. The block dynamics goes as follows. With rate one the current configuration inside B is resampled from the equilibrium measure µ B while the block A with rate one resample the variable η r iff the constraint at the root is satisfied (c r (η) = 1). It is easy prove a Poincaré inequality with some finite constant γ = γ(j, k) ≥ 1 for the block dynamics of the form (compare to Proposition 4.4 in [3] )
Notice that B is the union of k + 1 copies of the rooted treeT k , B = ∪ y∈Nr T k y , and therefore
Thanks to the result in the oriented case and usingc x ≤ c x we get
where λ = λ(ℓ, k, j). Thus
Inserting (4.15) into (4.13) we conclude that the spectral gap of the FA-jf model is lower bounded by (γλ) −1 .
Proof of Proposition 2.8.
If p > p c with positive probability the root belongs to an infinite cluster of occupied vertices which is stable upon iterations of the bootstrap mapB. Clearly any vertex belonging to such a cluster can never change its occupation variable during the dynamics of OFA-jf. Hence the result. The result for the non oriented model can be established via the same lines.
Proof of Theorem 2.9. Fix L and consider for simplicity only the rooted case, the unrooted one being treated along the same lines. We denote byT k L the k-ary rooted tree of depth L and root r. We begin by proving the stated upper bound.
Choose as test function f to be used in the Poincaré inequality
) the indicator of the event A that the root is occupied after applying infinitely many times the bootstrap mapB of the infinite rooted treeT k to the configuration obtained from the original one in the finite subtree of depth L by filling up all the vertices outside the subtree. Equivalently the root is occupied after L iterations of the boostrap map. The key fact is that, if p > p c , then Var(f ) > 0 unformly in L.
Next we compute the Dirichlet form D L (f ). We first observe that if x is not a leaf of T k L then the corresponding contribution µ(c x Var x (f )) to the Dirichlet form vanishes. If not that would imply that one could connect the event A with its complement by means of a legal flip, i.e. one with c x = 1. But that is clearly impossible by the definition of A. If instead x is a leaf, so that c x ≡ 1 (recall that the finite volume model has unconstrained leaves), then
The latter probability can be computed explicitly and it is equal to y x p y where y x means that y is an ancestor of x and p y is the probability that y is occupied and that exactly j − 1 among those children of y which are not ancestors of x are not occupied after L − d y − 1 iteration of the bootstrap map. Since the probability p (n) that the root is occupied after n-iterations of the bootstrap map converges to the largest fixed point p ∞ , which moreover is exponentially stable, we get that
. The proof of the upper bound is complete once we observe that
We now turn to the lower bound. The proof is based on the same argument used in theorem 2.5 to treat the unoriented case, specific for trees which we now shortly detail.
In what follows γ(L) will denote the inverse spectral gap for the OFA-kf model onT k L . By monotonicity of the rates we assume j = k (indeed if j < k the spectral gap of OFA-jf is larger or equal the spectral gap of OFA-kf, thus it is enough to prove the result in the case j = k). Next, as before, consider the auxiliary block dynamics in which: (i) each sub-tree rooted at one of the children of the root with rate one updates at the same time all its vertices by chosing the new configuration from the equilibrium distribution and (ii) with rate one but only if all the children are empty the root r refreshes its occupation variable by sampling from the equilibrium measure.
It is easy to check that, for any p ∈ (0, 1), the spectral gap of the block dynamics is positive uniformly in L. Therefore we can write
GENERALIZATIONS OF THE TECHNIQUE
In this section we discuss some applications of the technique that we have devised to prove Theorem 2.5. We show in particular that this technique allows to recover the positivity of the spectral gap in the whole ergodicity region for the KCSM on Z d which were studied in [3] via a completely different methods. We start by treating explicitely the case of the North-East model and then we will describe how to extend the analysis to more general models [8] . Let us recall some well known properties of the North-East (we refer the reader to [3] section 6.4, where these results have been derived by using the analog of our Proposition 3.1 and via the results on oriented percolation of [18] and [4] ). Let p N E c be the critical density for the North-East model defined as in (2.5) with L substituted by L N E . We also define the bootstrap map corresponding to the N-E rules exactly in the same way as for FA-jf and OFA-jf models and by µ [4] 
We will now prove via our technique the following result.
As for the models on trees, we prove a lower bound on the spectral gap on a finite region with proper boundary conditions which is uniform in the size of the region. Then the result on infinite volume follows by standard methods. The finite region that we consider is the triangle Λ ⊂ Z 2 with a vertex in the origin, a vertex in L e 1 and a vertex in L e 2 and we now prove a lower bound which is uniform on L for the spectral gap of the North-East model on Λ with empty boundary conditions. For any x ∈ Λ we let C x be the subset of Λ which includes only the sites belonging to the quadrant with bottom left corner on x, namely C x := {z ∈ Λ : z · e 1 x · e 1 and z · e 2 x · e 2 } and we letĈ x := C x \ x.
It holds
In order to prove this inequality which is the analog of (4.3) one has to follow a slightly different method due to the fact that the geometry is more complicated than in the tree case (in particular given a site x and its neighbours y and z in the north and east direction then C y ∩C z = ∅). The inequality (5.2) can instead be easily proven following the lines used to prove inequality (11) in [13] and using the fact that µ Λ is the Bernoulli product measure. Then we let c ℓ x (η) be one iff, by applying at most ℓ times the bootstrap map corresponding to the N-E rules with empty boundary conditions on Λ to the configuratioñ η which equals one at x and equals η elsewhere, the vertex x can be flipped to zero. We call again D ℓ the Dirichlet form of the generator corresponding to this choice of the constraints. Then, by using the key inequality (5.2), and via exactly the same lines as in the proof of Theorem 2.5 we obtain
where δ N E (ℓ) = p N E ℓ /p and the factor (ℓ + 1) 2 (instead of (ℓ + 1) of (4.13)) is due to geometric reasons: it accounts for the number of vertices x such that a given vertex z falls inside C x . By using the property of p N E ℓ stated in Proposition 5.2 we therefore conclude that there exists ℓ 0 such that for any ℓ ℓ 0 it holds (ℓ + 1) 2 δ N E (ℓ) < 1/4. The rest of the proof is now exactly as that of Theorem 2.5. 
